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Goal Study symmetry group of an n gon

Exampkidriesd asquare

let D8 be the set of symmetries of a square A symmetry

is a rigid motion where the square is replaced so that

it exactly covers its original position

We start w the square w its vertices labelled

T We can then replace the square in 8

different ways

iii in D p p p p p
f I i f f f I I

leavethe rotate rotate rotate flip over flipover flip flip
square clockwise 1800 Clockwise over over
alone too 2700 FI Di Ff Ff

or do r or do 2 or do r
them 5 then s then s

Note that the actions are performed right to left We

can think of these as functions on the vertices of

the square

In fact because our operation is composition of



functions we know it's associative We will soon see

why it satisfies the other two axioms

Here is the multiplication table
I r 2 3 S s r sr2 gt3

I I r r2 3 S Sr Sr2 sr3
s row r column

r r r2 r 3 I sr3 S Sr Sr sr du rthens

rz v2 3 I r s r gt3 S Sr
r

p r 3 I r r Z Sr Sr Sr g

S S Sr Sr sr3 I 2 3

Sr Sr Sr Sr's g p I r r2

Sr gr2 Sr S Sr h L3 I t
Sr Sr's g Sr Sr r r r 3 I

1 Check that 1 is in factthe identity

2 Doesevery element have an inverse What is it i.e

what is siri

3 Is the groupabelian

4 Noticethat every element can be written as rist
for OE i E 3 OE j E i What is the rule for writing

any element thisway i e what is Smr

5 What is the order of eachelement

Note that everyelement can be written in terms of sand
r These are calledgenerators



Def Let G be a group SEG is a set of generators of

G is every element of G can be written as a finite product
of elements of S and their inverses Thin G is generatedbyS

Dihedralgroupsingeneral

Dzn is the groupof symmetries of an h gone

Again we can generate all the elements by a rotation and a

flip y n i n 2 f
n 21T 3 71h il Iz y j l I thl l e 1

s
I r reflect over
e line y x

rotateclockwise where hgun
is centeredby 13 10 at theorigin

Propertiesof Dan

1 I t r2 rh are all distinct and rh I so H h

2 S2 I

3 s Fri for any i

4 grits r dfor it j and i j c O l n I



i e each element canbewritten uniquely as Serbfor
a e 0,1 b e 0 h I

5 rs Sr Srthus
S and r don't commute unless h 2 soDan is notabelian

6 ris Sr i f Sr i t OE i En l

Exercise Prove these

Note that for each n the generators of Dzn are r s

and we've shown they satisfy rn L 5 1 and rs sr

These are called relations

In fact any other equation involving the generators can be

derived from these

Any such collection of generators 5 and relations R Rm

for agroup G is called a presentation written

G Sl Rn Rm

So e.g Dan t s I th 5 1 rs sr

Note that a presentation is not unique


